Radiative terms in the thermal conduction equation by Stewart, R. W.
, 
RADIATIVE TERMS 
IN THE 
THERMAL CONDUCTION EQUATION 
by 
R i c h a r d  W. S t e w a r t  
I n s t i t u t e  f o r  Space S t u d i e s  , 
Goddard Space Flight C e n t e r ,  NASA 
New York, N e w  Y o r k  
GPO PRICE $ 
CFSTI PRICE(S) $ 
Hard copy 
Microfiche 
I ff 653 July 65 
8 (ACCESSION NUMBER) 
(PAGES) 
i 
0, 
(THRU) 
1 
I 
(CATEGORY) :30 , 
8 
https://ntrs.nasa.gov/search.jsp?R=19680009537 2020-03-24T00:32:21+00:00Z
. 
Abst rac t  
Those terms i n  t h e  thermal conduction equat ion  which a r i s e  
d u e  t o  i n f r a r e d  emissions and abso rp t ions  by atomic oxygen and 
carbon monoxide are inves t iga t ed .  
g a t i o n  is  t o  develop gene ra l  express ions  f o r  t h e  n e t  emission 
The purpose o f  this i n v e e t i -  
by 0 and CO which t a k e  account of abso rp t ion  from the  p l ane ta ry  
black-body spectrum and f ron  o t h e r  reg ions  oE t h e  thermosphere 
and are thus  v a l i d  a t  a l l  o p t i c a l  depths  i n  t h e  thermosphere. 
The r a d i a t i v e  t e r m s  a r e  developed under t h e  assumptions 
o f  loca l  thermodynamic equi l ibr ium and an  Eddington approxima- 
t i o n  f o r  t h e  r a d i a t i o n  f i e l d .  The r e s u l t s  are compared t o  t h e  
B a t e s '  approximation t o  t h e  r a d i a t i v e  loss terms f o r  a Martian 
model atmosphere which i s  o p t i c a l l y  t h i c k  i n  both 0 and CO. I t  
is found t h a t  t h e  n e t  e m i s s i o n  d i f f e r s  from t h e  Bates' expres-  
sioils by more than  an  o rde r  of magnitude near  u n i t  o p t i c a l  
depth and t h a t  abso rp t ion  causes t h e  emission t o  be somewhat 
less than  t h e  B a t e s '  approximation i n  o p t i c a l l y  t h i n  reg ions  
of t h e  high thermosphere. 
\- 
. .  
Tie express ions  developed f o r  t h e  r a d i a t i v e  terms permit  
t h e  eva lua t ion  of n e t  hea t ing  as w e l l  a s  cool ing  i n  t h e ' O  and 
CO emission l i n e a .  For t h e  model thermosphere used t o  compare 
t h e  net emission w i t h  t h e  Bates '  cool ing  terms it  w a s  found 
2 
that  near the  mesopause there was a heat  source of about 
10 4 ev/crn 3 sec due to  heating i n  the 0 6 2 ~  l i n e  and a lesser 
sourcs of about 10-100 ev/cm 3 sec due t o  heating i n  the CO 
r o t a t i o n a l  lines. 
I 
i 
3 
The r e c e n t  advent  of direct observa t ion  of p l a n e t a r y  
atmospheres by fly-by space probes has  g iven  g r e a t  impetus t o  
t h e o r e t i c a l  s t u d i e s  of t h e  upper atmospheres of t h e  t e r res t r ia l  
planets. The o c c u l t a t i o n  experiment c a r r i e d  o a t  by t h e  Mariner 
IV spacecraft on the Martian atmosphere has genera ted  a g r e a t  
d e a l  of d i s c u s s i o n  concerning t h e  p h y s i c a l  c o n d i t i o n s  which 
e x i s t  i n  t h a t  atmosphere. Since t h e  data obtained f a l l  f a r  
s h o r t  of s t r i c t l y  de l imi t ing  t h e s e  cond i t ions ,  t h e r e  has  been 
w i d e  l a t i t u d e  f o r  t h e o r e t i c a l  speculatioi?s.  The observed i o n i -  
za t ioa  p r o f i l e  has  va r ious ly  been i n t e r p r e t e d  as an E, Fl, or 
F2 l a y e r ,  and calculated exospheric temperatures  have been 
publ i shed  ranging from 130° t o  400°K (F je ldbo  & &., 1956; 
X c E l r o y ,  1967; Chamberlain and McElroy, 1966).  
An impor t an t  a s p e c t  of t he  t h e o r e t i c a l  conputa t ion  of t he  
thermospheric temperature  p r o f i l e  i s  t h e  e f f e c t  of r a d i a t i v e  
cooling i n  t h e  i n f r a r e d  by c o n s t i t u e n t s  preseat i n  t h e  thermo- 
s p h r e .  The inost important  r a d i a t o r s  i n  t h e  atmospheres of t h e  
terrestr ia l  p l a n e t s  are COz,  CO, and 0. 
120 
below t h e  a l t i t u d e  of s o l a r  u l t r a v i o l e t  hea t ing ,  whereas CO 
and 0 may r a d i a t e  e f f e c t i v e l y  a t  h ighe r  a l t i t u d e s  depanding, 
of cour se ,  on t h e  amount of t hese  c o n s t i t u e n t s  p re sen t .  
Tne u s u a l  practice i n  studying t h e  e f f e c t  of t h e s e  l a s t  
Radia t ive  l o s s e s  froin 
will g e n e r a l l y  occur near t h e  bottoin-of t h e  thermosphere 2 
_ _  , . , . . . . . . . , ... .... ~ . .. - -  ~ - .-...-- .___.____.___._ - 
two c o n s t i t u e n t s  i n  cool ing a thermosphere h a s  been t o  u t i l i z e  
an spproxirnation introduced by Bates (1951) . T h i s  approxima- 
t i o a  takes u n i t  o p t i c a l  depth i n  a c o n s t i t u e n t  as a d iv id ing  
l i n e  above which every emitted photon escapes t h e  thermosphere 
and i s  t hus  effective i n  cool ing and below which every emit ted 
photon is  reabsorbed l o c a l l y  and i s  thus  i n e f f e c t i v e  i n  cool ing.  
Sach an approximation d i s t o r t s  t h e  func t io i ia l  form of t h e  loss 
terms i n  t h e  thermal  conductio,? equat ion with consequent e r r o r  
i n  t h e  conputed temperature p r o f i l e .  The magnitude of t h i s  
error woald, however, be d i f f i c u l t  t o  estimate q u a l i t a t i v e l y .  
I n  a d d i t i o n ,  t h e  Bates' approximation n e g l e c t s  t h e  p o s s i b i l i t y  
of hea t ing  i n  t h e  r a d i a t i v e l y  a c t i v e  c o n s t i t u e n t s .  T h i s  hea t ing  
can occur i f  t h e  e f f e c t i v e  temperature of t h e  p l a n e t  i s  roughly 
twice t h e  local  temperature a t  t h e  a l t i t u d e  where 0 and CO w i l l  
2 '  be formed v i a  pho tod i s soc ia t ion  of CO and 0 2 
Published models of t h e  Martian atmosphere i n d i c a t e  t e m -  
p e r a t u r e s  from about  130'K (McElroy, 1967) t o  as low as 6OoX 
(F je ldbo  &., 1966) i n  the  a l t i t u d e  reg ion  where piiotodis- 
s o c i a t i o n  would occur.  Since t h e  p l ane ta ry  e f f e c t i v e  ternpera- 
t u r e  is 230°K, the p o s s i b l e  e f f e c t  of hea t ing  i n  t h e  r a d i a t i v e  
c o n s t i t u e n t s  must be considered.  
Tne o b j e c t  of this paper is  t o  develo? express ions  f o r  t h e  
r a d i a t i v e  losses by 0 and CO which take account of abso rp t ion  
i n  t h e  emission l i n e s .  The u s e  of such express ions  i n  thermo- E 
r 
s p h e r i c  energy ba lance  s t u d i e s  should a l l e v i a t e  doubts  which 
may arise concerning t h e  accuracy of such c a l c u l a t i o n s  when 
t h e  B a t e s '  approximation i s  employed i n  o ;? t ica l ly  t h i c k  thermo- 
spheres or in models having a run  of temperatures in the lower 
thermosphere which are less than  t h e  p l ane ta ry  e f f e c t i v e  
i 
~ 
I 
4 temperature.  
- The T h e r m a l  Conduction Equation 
The most impor tan t  processes  determining the thermospheric 
t e n p e r a t u r e  are t h e  depos i t i on  of s o l a r  u l t r a v i o l e t  energy and 
t h e  loss of t h i s  energy v i a  thermal conduction and i n f r a r e d  
r a d i a t i o n .  These processes  a r e  descr ibed  by  the thermal con- 
d u c t i o n  equat ion  which w e  w i l l  w r i t e  i n  t h e  fol lowing one- 
dimcnsioiial, time-independent form: 
i s  t h e  thermal conduc t iv i ty ,  and Q ( a ) .  t h e  u l t r a v i o l e t  
h e a t  source.  The net einissioii of r a d i a t i o n  i n  a s p e c i f i e d  
. 
t r a n s i t i o n  is given  by t h e  divergence 0," t h e  photon flux 
m u l t i p l i e d  by the energy o f  t h e  t r a n s i t i o n  hv. The sunmation 
i n  (1) is taken  over t h e  p o s s i b l e  r a d i a t i v e  t r a n s i t i o a s .  The 
\ 
factor TT i n  t h e  emission term arises from the d e f i n i t i o n  of 
the f l u x  as (Chandrasekhar, 1960) 
6 
w:;cxe I is  t h e  photon i n t e n s i t y ,  p t h e  cos ine  of t h e  po la r  
a ~ g l e ,  and dn an element oE s o l i d  angle .  The i n t e g r a l  O i l  t h e  
right hand side of (2) g ives  t h e  nuaber o f  piiotons/cm 2 sec 
c r o s s i n g  an area i n  t h e  r a d i a t i o n  beam, and it is  t h e  d ive r -  
gence of t h i s  q u a n t i t y  which is of i n t e r e s t .  
D3z3rZvation of Radia t ive  Terms 
Tiis divergence of t h e  r a d i a t i v a  f l u  may be o5ta ined  i n  a 
s t r a i g h t f o r w a r d  way from r a d i a t i v e  t r a n s f e r  cons ide ra t ions  
onze t h e  a p p r o p r i a t e  t r a n s f e r  equat ion has  been found. To 
d e r i v e  t h i s  equat ion  we cons ider  a systein c o n s i s t i n g  of two 
eilergy l e v e l s  and assume t h a t  the  s p e c t r a l  l i n e  a r i s i n g  from 
t r a n s i t i o n s  between t h e s e  l e v e l s  is  Doppler broadened. Such 
I 
L systein i s  a p p o p r i a t e  t o  both t h e  groilnd s t a t e 3 t r i p l e t  of 
atomic oxygen and t o  t h e  r o t a t i o n a l  s t a t e s  of carbon monoxide. 
i I
k 
Thgi-e are a c t u a l l y  two p o s s i b l e  t r a n s i t i o n s  w i t h i n  t h e  oxygen 
t r i 2 k t 0  but t h e  O (  P1) 4 O (  P ) w i l l  be much more important  2 
3 3 
3 3 Chan O( Po) - O( Pl), s i n c e  its E i n s t e i n  c o e f f i c i e n t  fo r  
ssoa taneous  emission is  about 5 t i m e s  g r e a t e r ,  t h e  s t a t i s t i c a l  
weights  of 
po2a la t ion  of t h e  higher-energy 3P 
3 3 
Po and P1 are 1 and 3 r e s p s c t i v e l y ,  and the 
state  w i l l  be s n a l l e r  than  
0 ,  
7 
t h a t  of 3 ~ 1 .  There are a nuinbsr of e x c i t e d  r o t a t i o n a l  l e v e l s  
for t h e  CO molecule, b u t  oilly t h e  d i p o l e  t r a n s i t i o n s  between 
a d j a c e n t  states will be of importance; hence t h e  sunmation 
i n d i c a t e d  i n  (1) may be taken over .  t h e  r o t a t i o n a l  states once I 
tho  flux divergence arising Prom t r a n s i t i o a s  between ad jacen t  
s t a t e s  has  been found. The r a d i a t i v e  emission under d i scuss ion  
occurs i n  p l a n e t a r y  thermospheres under c o n d i t i o n s  of very 
low p r e s s u r e  and t h e  spectral l i n e s  are Doppler broadened. In 
w > a t  follows we denote  the uppar l e v e l  of t h e  two-level systein 
by a s u b s c r i p t  2 and t h e  lowar l e v e l  by a s u b s c r i p t  1. 
Tha number of molecules which undergo t r a n s i t i o n s  2 - 1 
and e m i t  a photon i n  t h e  frequency i n t e r v a l  dv  w i l l  be dailoted 
by byN2, where N2 is  t h e  upper s t a t e  popula t ion .  Tne n e t  
decrease i n  t h e  upper s t a t e  pasu la t ioa  i n  a t i m e  i n t e r v a l  d t  
is -d(bVN2). Equating t h i s  t o  t h e  correspond in^ number of 
photons added t o  t h e  r a d i a t i o n  f i e l d  wa have 
. ( 3 )  
where d1 i s  t h e  i n c r e a s e  i n  photon i n t e n s i t y  i n  t h e  frequency 
V 
i n t e r v a l  dv, do is  an elementary area across which t h e  r a d i a t i o n  
Elows, and t h e  i n t e g r a t i o a  i s  over s o l i d  angle .  I f  w e  mul t ip ly  
and d i v i d e  by an  element of path l eng th  i n  t h e  medium, ds, on 
t h e  r i g h t  hand s i d e  of ( 3 )  and i n t e g r a t e  over frequeacy w e  
. 
8 
o b t a i n  
which relates t h e  rate of c iange of number d e n s i t y  i n  t h e  upper 
state t o  t h e  change i n  i n t e n s i t y  of t h e  r a d i a t i o n  f i e l d .  
a two-level system we may a l s o  w r i t e  
For 
w h e r e  p i s  the d e n s i t y  of the r a d i a t i o n  f i e l d  t r a v e r s i n g  the  
V 
insdiuin, A21 and B 
taneous and induced emission, B 
c o e f f i c i e n t ,  and n and n a re  the nuinber d e n s i t i e s  i n  t h e  
lowar and upper energy l e v e l s .  
are the E i n s t e i n  c o z f f i c i e n t s  f o r  spon- 21 
is t h e  E i n s t e i n  absorption 12 
1 2 
Since w e  have assumed Doppler 
.broadaning,  t h e  i n t e n s i t y  may be w r i t t e n  
whzre I is  t h e  i n t e n s i t y  a t  the  c e n t e r  of t h e  l i n s  (at 
VO 
frequency v o ) ,  , and  aD = (vo,’c) (2kT/m) + is  the  Dospler width of 
b 
the  l i n e .  
W e  now i n t roduce  t h e  assumption of l o c a l  thermodynamic 
equ i l ib r ium (L.T.E.) . *If the  r a d i a t i o n  f i e l d  and t h e  gas  a r e  
n e a r l y  i n  equi l ibr ium,  t h e  po2ulat ion of the v a r i o a s  energy 
s ta tas  arb related through t h e  Boltzmann d i s t r i b u t i o n .  I n  
p a r t i c u l a r  we have 
- . . . . . . . - . 
.- ., , _  - , . - - ., -- I..-. ~ .. 
9 
where g 
s ta tes ,  e 
2 and 1, c 2  is t h e  energy (above t h e  ground s t a t e )  of s t a t e  2 ,  
A is t h e  t o t a l  number dens i ty  of t h e  gas ,  and Z ( T )  i s  t h e  p a r t i -  
t io i l  func t ion  f o r  t h e  systein under cons idera t ion .  Tne r e l a t i o n s  
betwaen t h e  E i n s t e i n  c o e f f i c i e n t s  are 
and g 1 2 are t h e  s t a t i s t i ca l  weights of t h e  corresponging 
is  the energy d i f f e r e n c e ,  g - cl, betwaen s t a t e s  
21 2 
F i n a l l y ,  t h e  r a d i a t i o n  dens i ty  and i n t e n s i t y  are r e l a t e d  by 
- 
where 3 is  t h e  mean i n t e n s i t y  of t h e  r a d i a t i o n  f i e l d .  W e  now 
V 
w r i t e  t h e  element of path length i n  t h e  medium as ds  = Dda, 
where d;a d e f i n e s  t h e  v e r t i c a l  d i r e c t i o a .  Equating t h e  r i g h t  
hand s i d e  of (4) and (5), performing t h e  i n t e g r a t i o n  over 
f r equenc ie s  using (6), and making use of (2), (7), ( 8 )  an3 (91, 
b 
w e  oS ta in ,  a f te r  some a l g e b r a i c  manipulation, 
w h e r e  
J 
. 10 
is  t h e  Dopsler absoJpt ion  c ros s  s e c t i o n  i n  t h e  l i n e ,  and 
is t h e  emission c o e f f i c i e n t .  The r a t i o  cD/oD is t h e  Plank 
d i s t r i b u t i o n  ( f o r  photons) ,  a s  it must be s i n c e  L.T.E. has  
been assumed. The frequency appearing i n  (10) - ( 1 2 )  i s  t h e  
frequency a t  t h e  center of t h e  l i n e .  Equation (LO) is  t h e  
s t a n d a r d  form of t h e  f i r s t  moment of t h e  r a d i a t i v e  t r a n s f e r  
equat ion .  
for t h e  mean i n t e n s i t y  I,, and f lux  F 
works such a s  Chandrasekhar (1960) o r  Kourganoff (1963) and 
need n o t  be re-derived here .  
The s o l u t i o n  of t h e  r a d i a t i v e  t r a n s f e r  equat ion 
- 
are d iscussed  i n  s tandard  
V 
I f  wa assume t h e  adequacy of t h e  
Eddington approximation, i . e . ,  t h a t  t h e  r ad ia t io i i  f i e l d  may be 
d iv ided  i n t o  upward and downward moving streams of r ad ia t io i i  
having d i f f e r e n t  i n t e n s i t i e s ,  then  t h e  s o l u t i o n  fo r  t h e  mean 
. 
i n t e n s i t y  i s  
where T i s  t h e  o p t i c a l  depth i n  t h e  l i n e  de f ined  by 
11 
d r = - n q d t  
and E and E a x e  s p e c i a l  cases  of t h e  in tegro-exponent ia l  1 2 
func t ion  def ined  by 
n -7 
- X t  dt: E,(x) = 1, t" 
The t o t a l  o p t i c a l  t h i ckness  of t h e  atmosphere i n  t h e  s p e c t r a l  
- 
l i n e  under cons ide ra t ion  i s  deiioted by T . I r e p r e s e n t s  t h e  
0 0 
flux i n c i d e n t  from below, i .e . ,  from t h e  p l ane ta ry  spectrum. 
3 ( t )  ap??earing under t h e  i n t e g r a l  i n  (13) i s  t h e  sodrce  func- 
t i o n ,  which is t h e  Planck functioii under t h e  L.T.E. assum2tion. 
I t  i s  worth no t ing  t h a t  i n  the  thermosphere condi t ioi is  d e p a r t  
r a d i c a l l y  from r a d i a t i v e  equi l ibr ium, and w e  canaot  a s sume  
I = B, which would make t h e  f l u x  divergence zero .  
- 
The energy from t h e  p lane tary  spectrum which i n t e r a c t s  
l o c a l l y  i s  t h a t  contained i n  a Doppler width of t h e  s p e c t r a l  
l i n e .  
- 
Tha mean i n t e n s i t y  Io i s  thus  . 
where P (TE) is  t h e  Planck d i s t r i b u t i o n  c h a r a c t e r i s t i c  of t h e  
p l a n e t ,  T., being t h e  p lane tary  e f f e c t i v e  temperature.  
take P 
t h e  l i n e ,  then  
V 
If we 
d 
as approximately cons t an t  over t h e  Do?pler width of 
V 
12 
where T is  t h e  local  temperature a t  t h e  a l t i t u d e  where ?,,(T) 
is being evaluated.  
funct ioi i  i n  t h e  in tegrand  of (13) has  a form s imilar  to I 
axcept t h a t  T, i s  rep laced  by T ( t ) ,  t h e  l o c a l  temperature a t  
the emi t t i ng  a l t i t u d e .  
The emission represented  by the Plank 
0 
bl 
We may now eva lua te  the  flux divergence f o r  t h e  0 629 
l i n e  and t h e  CO r o t a t i o n a l  l i n e s .  S u b s t i t u t i n g  t h e  express ion  
for I,,(?) of (13) i n t o  (lo), using (17) f o r  and a s i m i l a r  0 
expressioi? f o r  B ( t ) ,  and eva lua t ing  CT of (11) f o r  t h e  ground 
state t r i p l e t  o f  atonic oxygen, we f i n d  t h e  divergeiica of the  
D 
eilcrgy f l u  t o  be 
The c o e f f i c i e n t  of t h e  t e r m  i n  b racke t s  is  
which is j u s t  t h e  r a d i a t i v e  loss t e r m  g iven  by t h e  B a t e s '  
ap2roximation. The terms AoX(TE, 1 T) and Aox(T) 2 are 
. -  
. 
t 
‘I‘nesa absorpkion terms w i l l  be d iscussed  a f t e r  an express ion  
siinilar t o  (18) i s  obtained for t h e  CO r o t a t i o n a l  l i n e s .  
Fox t h e  CO l i n e s  w e  a r e  i n t e r e s t e d  i n  t h e  divergeiice of 
the sun of t h e  f l u x e s  a r i s i n g  from a l l  t r a n s i t i o n s  between 
a d j a c e n t  r o t a t i o n a l  s t a t e s  J -. J-1, where J is  t h e  r o t a t i o n a l  
angular  momentum quantum number of t h e  upper s ta te .  T n e  
E i n s t e i n  c o a f f i c i e n t  for  spoataneous emission between t h e s e  
stsites is  (based on a r i g i d - r o t a t o r  model) 
where d is  t h e  electric d i p o l e  moinent f o r  CO, and B t h e  rota-  
t ioi la l  c o n s t a n t  g iven  by B = ’A/4rrcI, where I i s  the moaent o f  
i r i e r t i a  of t h e  molecule and c t h e  v e l o c i t y  of l i g h t .  Tne 
p a r t i t i o n  f u n c t i o n  fo r  t h e  r o t a t i o n a l  states is  
Tie approximate e q u a l i t y  i n  (23) is  obtained by r ep lac ing  t h e  
sux over J states by an  i n t e g r a l .  8 is t h e  c h a r a c t e r i s t i c  
r o t a t i o n a l  temperature  for co 
r 
. .  
. '  14 
The  re2lacemant of t h e  summation over  J by an  i n t e y r a t i o i l  i s  
v z l i d  f o r  T >> 0 . Using (22) and (23) we f i n d  t h a t  t h e  
aL2xession f o r  the Doppler absorp t ion  cross s e c t i o a  i n  t h e  
5 5-1 l i n e  i s  
r 
Pire ;nay now follow a procedure similar t o  t h a t  used t o  f i n d  
_.- i;,e flux divergeace i n  t h e  6211 0 l i n e  t o  o b t a i n  t h e  f lux  
divargenca f o r  a J + J-1 r o t a t i o i i a l  t r a n s i t i o n  i n  CO. 
ex2xession so obtained i s  then summed over J, b u t  t h e  sumna- 
t i o a  is reslaced by an i n t e g r a t i o n  as i n  t h e  eva lua t ion  of t h e  
p i i r t i t i o n  function, and terms i n  J are neglected r e l a t i v e  t o  
'"Le'cms i n  J . The r e s u l t  w e  o b t a i n  i s  
The  
. 
2 
is the r a d i a t i v e  loss ( i n  ergs/cm 3 sec) giveii i n  t h e  Bates '  
. .  
. 
. *  
'2fic c p t i c a l  depth ,  T~ i s  takei? as t h e  o 2 t i c a l  depth i n  t h e  
s ~ ~ o n g z s t  l i n e .  The J depcndaiice o f  t h e  o p t i c a l  depth has  n o t  
, 
A 
besn included i n  t h e  J-sums. 
C!cm.xrism wi th  the  Bates ' Approximatioii 
& t e s  (1951) wrote t h e  rate of r a d i a t i v e  loss  i n  t h e  62;1 0 
w k z r d  2 is  t h e  energy emitted i n  a t r a n s i t i o n ,  A t h e  E i n s t e i n  
c o z f 4 i c i e n t  f o r  spontaneoas emission, and n t h e  number d e n s i t y  
of -21s e in i t t ing  s t a t e ,  which is  r e a d i l y  r e l a t e d  t o  t h e  t o t a l  
s2wies  number d e n s i t y  through t h e  p a r t i t i o n  functioii .  
is -,'ne ratio of t h e  energy of t h e  r a d i a t i o n  f i e l d  which 
'..:1t'?,in the Dop?ler width of t h e  l i n e  t o  t h e  energy which woald 
Tie w i t h i n  t h i s  width if the  r a d i a t i o n  f i e l d  and gas  were i n  
u/? 
l ies  
- ,:,,rmodynamic 0 .3. equi l ibr ium. The express ions  der ived  above f o r  
* .  . 16 
t h z  net emission i n  t h e  0, (181, and CO, (261, l i n e s  are 04 
z h i s  form. 
L q L i a t i G , > * ,  
a/2 is t h e  sum of t h e  two t e r m s  A1 and A 2 i n  t hese  
1 Tho f i r s t  t o m  i n  t h o  brackets of (18) and (26), A , 
rcpresents absorption in the line or l i n e s  f r o n  the p l ane ta ry  
spactrum. As noted by Bates, near  T = T t h i s  term is  rodghly 
3 /2T, where T i s  t h e  l o c a l  teinpsrature a t  T . This  follows 
d i x e c t l y  from (28)  f o r  t h e  CO l i n e s  and holds a p p o x i m a t e l y  
fo r  t h e  623 0 l i n e  i f  t h e  l o c a l  temperature i s  g r e a t e r  than 
228'X, as can be seen by expanding t h e  e x p m e n t i a l  terms i n  
( 2 0 ) .  Thus, i f  t h e  p lane tary  e f f e c t i v e  teinperature is  more 
than mice t h e  tein2erature a t  t h e  a l t i t u d e  where 0 or CO f i r s t  
app?zrs, t h e r e  can be a net hzat ing  due t o  t h i s  t e r m  a lone .  
0 
d 0 
2 Tne second term i n  (18) and (261, A , r e p r e s e n t s  absozp- 
.- Lo;? - at a given l e v e l  of the radiat io ,?  emi t ted  a t  a l l  o t h e r  
I:svzls of t h e  atmosphere, t h e  r a d i a t i o n  froin each emi t t i ng  
'Ic=.i/sr d being a t t e n u a t e d  along the  o p t i c a l  path betwaen these  
~f t h e  atmosphere is o ? t i c a l l y  t h i c k ,  t h  e t e r m  r ep resen t -  
I:I~ abso rp t ion  froin the plane tary  spectrum r a p i d l y  ap;?roaches 
z s r o  a.c s3or-c d i s t a n c e s  above t h e  CO d i s s o c i a t i o n  l e v e l .  Thsre 
.:lay thus b~ a large peak of hea t ing  due t o  t h i s  absorp t ion  near  
2 
t h e  d i s s o c i a t i o n  level ,  b u t  none 05 t h e  energy from t h e  p l ane ta ry  
. 17 E i 
spactrum w i l l  p e n e t r a t e  far  i n t o  t h e  thermosphere. 
repzcsci i t ing absorptioii a t  a given l e v e l  due t o  r a d i a t i o n  
The t e r m  
f ron  all o t h e r  l e v e l s  doas .not vanish even a t  h igh  a l t i t u d e s .  
xf we daiiote by T t h e  t enpc ra tu re  high i n  t h e  thermosphere x 
w h ~ r o  T w 0, and by TN a m a i n  temperature 
whicli absorpkion occurs ,  then t h i s  second 
O f  
at the levels f ron  
term is of t h e  order 
whzx~ t 
I n  p z a c t i c e ,  f o r  o 2 t i c a l l y  th i ck  atmospheres, we may have 
i s  a m a n  o p t i c a l  depth f r o n  which abso rp t ion  oecurs.  24 
T&(Tx - 1, and 'i 
s'no:;ld az-tain sone va lue  between, roughly, . O i j  and .50 a t  high 
is  s u r e l y  < 1. Thus, t h i s  absorpti0.i t e r m  
M 
& l t i k - d d z s .  The f i rs t  f i g u r e  follows from s e t t i n g  T = .7, t h a  
secsnd froin T = 0. Tne r a d i a t i v e  losses g ivea  by (18) and ( 2 6 )  
- tharefore do n o t  approach the  Bates  ' approximatioil exactly a t  
24 
M 
, .  - r i .15~ a l t i t u d e s ,  b u t  are sonewhat less due t o  t h e  e f f e c t s  of 
r e a b s o r p t i o a .  
If the  atmosphere i s  o 2 t i c a l l y  t h i n  i n  t h e  r a d i a t i n g  
ea>sz i tuen t s ,  t h e  e f f e c t  of absorp t ion  from the  p l ane ta ry  
s?*mtru;;l will be r'elt h igher  i n  t h e  thermosphere and thus  
C a i I s L i t U t e S  a h e a t  source which should be included i n  thermal 
cz lcz la t ions .  Tne second absorp t ion  t e r m  w i l l  be leas  
I 
J 18 
i a p r t a n t  a t  high a l t i t u d a s  i n  this case s i n c e  T w i l l  refer 
M 
A- +o a t e s p e r a t u r e  nearer  the mesopause, and we w i l l  have T ~ ~ T ~  c 1. 
Figure  1 shows a conparison of the Bates'  r a d i a t i v e  l o s s  
tern *rJith t h e  loss given by (18) and (26). Tnese are computed 
i s  ari o 2 t i c a l l y  t h i c k  model i n  both 0 and CO, u n i t  o 2 t i c a l  
de2ths in these c o n s t i t u e n t s  occur r inga t  1 2 1  and 1 2 8  km, respec- 
_ -  11 -3 L.lvely. Tne node1 assumes deiisities of 7 x 10 cm of both  
0 ~ n d  CO at 90 km, which res3lts i n  o p t i c a l  t h i cknesses  of 
LTJCXJC 6 and 49, r e s p e c t i v e l y .  The temperature p r o f i l e  above 
t h i s  p o i n t  is  taken a s  
0 
Y8J;-; cx 5 T the temperature a t  9 3  k m ,  i s  taken as 125 K, and an 
ii-l 
c-cas;?heric t en?era ture  Tm = 3 O O 0 X  has  been assumed.  The con- 
.c ; .is. C may be evalua ted  by assuming a T ( z )  va l se  a t  ariy 
. .  ; -z~-cude  abave 90 kin. F O K  the  coinpatations represented  i n  
&? ic.. 3 L - ~  -.-  I, w e  have taken T ( 1 2 0 )  = 16OoX. Tile i n t e g r a l s  which 
~ p ? ; ~ i z  i n  ( 2 1 )  and ( 2 9 )  have been evaluated wi th  a two-point 
q . ; ~ E r a t u r e  formula, t h e  weights and d i v i s i o n s  being coxpated 
2or z:ach va lue  of T .  The mthod  i s  d iscussed  by Chandrasekhar 
(1963). 
heLting i n  the  CO l i n e s  which pzaks a t  110 km and h a s  a 
For t h e  model i n  F i g u r e  1 w e  see t h a t  t h e r e  is a 
19 
3 ; i izCnitude of about  32 ev/c;n . This  i s  due e n t i r e l y  t o  absorp- 
ti0.1 Cros t h e  surrounding atmosphere, i . e . ,  t o  t h e  term A 2 i n  
( 2 5 ) .  Absorption froin t h e  p l ane ta ry  i n f r a r e d  spectrum occurs  
w i t h i n  tha  f i r s t  k i l o n e t e r  aboge 90 krn and i s  ind ica t ed ,  w i t h  
esa2gerztcd wieth, at t he  extrema l e € t  hand s i d e  of the figure. 
r,?. h e z t  source  provided by t h i s  term, A 1 , i s  of t h e  same 
2 i-nqr~ltucle as A . 
- L ~ i v i a l  .- - 
In -2ce 9J-120 klcm regioii i s  concerned. 
Both of these  hea t ing  terms a r e  no doubt of 
importance i n s o f a r  a s  de terminat ion of t h e  t e s p e r a t u r e  
Tne n z t  hea t ing  i n  t h e  
62A 0 line is more ex teas iva  than t h a t  i n  t h e  CO r o t a t i o n a l  
l i n z s .  Tnere i s ,  of course ,  more energy a v a i l a b l e  for absorp- 
c i o n  i n  t h e  p l ane ta ry  spectrum a t  6 2 ~  than  i n  t h e  f a r  i n f r a r e d  
Ci) l i n e s .  
For a l t i t u d e s  roughly 15 krn above t h e  a l t i t u d e s  of u n i t  
0'3 ~ . k i  c a l  de2th i n  0 and CO the  cool ing  given by (18) and (26 )  is 
La4 I L-1 r .-. by ;nore thar; an  order  of i i i q n i t u d e  than that given by 
2;akas ' a22roximation. For s e v a r a l  k i lometers  below t h e  a l t i -  
t*dcea 02 u n i t  o s t i c a l  depth t h e r e  is an a c t u a l  n e t  cool ing  
wkere the  3ates '  apcox ima t ion  g i v e s  no cool ing .  The form of 
-L L A A G  -, r a d i a t i v e  einission terms, when expressed as t h e  divergence 
of -c'i-~ils r a d i a t i v e  fluxes i n  the  emission l i n e s ,  t h e r e f o r e ,  
dwia tes  cons iderably  froin the B a t e s  ' ap2roximatioii o-Jer a 
w i &  a i t i t u d a  i n t e r v a l .  
A model atmosphere which i s  o p t i c a l l y  t h i n  i n  0 and CO 
hzs z l s o  bosn s tud ied .  The Sam3 t e n 2 e r a t u r e  p r o f i l e  as t h a t  
9 -3 siven by (32) was used, bat  a nuinbez d e n s i t y  02 7 x 1 0  c m  
wzs assumzd f o r  both 0 and CO a t  90 kin. The n e t  e n i s s i o n  i n  
, ~ k i s  :nodel w a s , .  a t  high a l t i t u d a s ,  about  30g less than t h a t  
g i v a  by t h e  Bates '  ap?roximation, dua t o  the absorp t iox  terms. 
At lower a l t i t u d e s  t h e r e  was again  a n e t  hea t ing .  
-- ~c-;:.-!zrv a?,d Conclusions 
Thosa terms i n  t h e  thermal codi lc t io ,?  equat ion which 
ze>resent r g d i a t i v e  einissioii by 0 and CO have been darived.  
n - e  iAAa- 
zs  we21 a s  CO 
thermal conduct ioa eyuat ioa which inc ludes  t h e s e  terms , 
loss and u l t r a v i o l e t  h e a t i n g ,  is t h e  a p p r o p i a t e  
2 
s;e t o  izse i n  energy balance ca l cu la t io i i s  for  t h e  thermospheres 
OZ khe terrestr ia l  p l a n e t s .  
.- bAo:-i .. 
The d i f f e r e n c e  Setwesn the  equa- 
_ .  
g i v a  i n  t h i s  paper and t h a t  which i s  usua l ly  enployed i n  
.b,,.,aspheric .=> . - i n v e s t i g a t i o a s  i s  t h e  i n c l u s i o a  of i n f r a r e d  
c3sorptio:i t a r m s  i n  t h e  fsrmcr. The spoiitaneous r a d i a t i v e  
\ = X ~ S S ~ O : I  a t  a give;? a l t i t u 3 e  i s  a func t ion  only of t h e  local 
t x2e ra tuse  at that a l t i t u d e ,  b u t  abso rp t ion  depends U p O i i  the 
2lux o r i s h a t i n g  a t  a l l  o ther  l e v e l s  and i s  thus a functio:i of 
ths X G i I  of t a n 9 s r a t u r e s  t 'nroqho; l t  the thermosphere, as w e l l  
LS of the  p l ane ta ry  e f f e c t i v e  teinperature. The uppsr atmos- 
p'nerlc energy balance is therefoze  expressed by  an  in t eg ro -  
21 
d i f l e r e n t i a l  equat ion  f o r  the teinperature p r o f i l e  T (z )  i n  con- 
I 
C - r -  LLGbCr ..I- t o  the d i f f e r e n t i a l  equatioil which expresses eliergy 
Salanca in t he  B a t e s '  approximation. Tne  n e t  r a d i a t i v e  emission 
2 s  a function of a l t i t u d e  has been coapared wi th  t h a t  given by 
t'n- 3~+-23' tipproxlmatioi? for a model Martian atmosphere. Tho 
.i1ar,-i>li;ude 05 t h e  d e v i a t i o n  of t h e  n e t  emission terma from the 
2 ~ ~ s '  a2proximatiu.i s t ron3 l - j  sugges ts  t h a t  the ef Eicacy o€ 
7 ; ~ s  ty2,c o f  ap2roximation be tested by inc lud ing  the absorption . .  
.- L G A A b I , 3  ..-pl'. i n  thermal s t r u c t u r e  ca lcu la t io i i s  fo r  the thermospheres 
0," the  terrestrial  planets.  
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Figure Cap t i o n  
a 
Fig. 1. Comparison of t h e  n e t  emission, i n  ev/cm 3 sec, 
in t h e  0 G2s l i n e  and t h e  CO r o t a t i o n a l  l i n e s  wi th  t h e  r ad ia -  
t.ivo losses given  by t h e  Bates' approximation. Coinputed 
values of t h e  va r ious  terms a r e  based on a model Martian 
atmosphere which i s  o p t i c a l l y  t h i c k  i n  both  0 and CO. 
curves are: (1) r a d i a t i v e  hea t ing  and loss i n  0; (2 )  r ad ia -  
tive heating and loss i n  CO; (3)  r a d i a t i v e  loss i n  0 i n  Bates '  
approximation; (4) r a d i a t i v e  loss i n  CO i n  Bates' approximatioa. 
Curves ( 3 )  and (4) a r e  terminated a t  t h e  a l t i t u d e s  of u n i t  
o p t i c a l  d e p t h ' i n  0 and CO. 
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